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ABSTRACT

‘ Computer graphics is largely concerned with the creation and
display of images on a display device. Color display devices sup-
port images with very high resolution and dynamic range. As the
power of the display devices increases, and the color capacities
become more sophisticated, attention to the principles of color
science becomes increasingly important. These principles can be
applied to many aspects of computer graphics to improve the
appearance and correctness of displayed images.

This thesis presents a number of new algorithms in computer
graphics; algorithms concerned with display or manipulation of
color images. New algorithms are presented which optimally
approximate the display of colors which the technology cannot
recreate, which quickly translate between one color system and
another, which simulate the subtractive mixture of filters and
dyes, and which simulate the pigmentary mixture of paints.
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1. INTRODUCTION

“thgre are no lines in nature - only colors and areas of color. Drawing may have come

Sirst in the history of art, but color comas first in humnan consciousnsss” - Manet

The field of color computer graphics is by definition intimately bound to
color. Color is the medium of cdmmunication of color computer graphics,
influencing and describing all images. The improper use of color can harm the
appearance of otherwise valid scenes, yet the role of color science has been lit-

tle studied and little applied to the field until recently.

This thesis deals with applications in these two realms: color science and

color computer graphics.

These two flelds are symbiotic to a greater degree than is usually realized.
Color science uses computer graphics to confirm, display, and evaluate results
of its theories. Computer graphics uses color science on a more pervasive and
fundamental level: the correctness and ease and speed of creation of computer

graphics images and algorithms are all affected by color science.

Accordingly, the applications in this thesis fall into two categories: using
color computer graphics to model color phenomena and applying color science

to create and improve algorithms in color computer graphics

The first two chapters introduce these two fields. This thesis is aimed

towards a general computer science audience. Therefore, the introduction to



color computer graphics focuses only on principles and notation which are
unfamiliar to the computer science community at large. Conversely, the color
introduction goes into far more detail than would normally be presented in a

physics thesis.

After the two introductory chapters, chapter 4 deals with a specific color
system translation, a translation used whenever a color is displayed on the
display device.

Chapter 5 presents a new algorithm for another color system translation,

an algorithm nearly 507 faster than the standard algorithm.

Chapter 6 discusses approximation of colors that the display device cannot
recreate. A new algorithm is presented that quickly gives an optimal approxi-

-

mation.

Chapter 7 presents two heuristic algorithms that create spectral and
reflectance curves for a color, given only its visual appearance on the display

device.

Chapters 8-10 deal with color mixture and implementation of color mixture
algorithms. The classical results in additive, subtractive, and pigmentary mix-
ture are reviewed, with the presentation and evaluation of three heuristic algo-.
rithms, two simulating subtractive mixture, and one simulating pigmentary mix-

ture.

Chapter 11 concludes the thesis with a brief summary of the new algo-

rithms, and a discussion of open problems.

A smaeall amount of mathematical sophistication is assumed; linear algebra,
probability theory, computational geometry, NP-completeness, and abstract
algebra are used. Brief explanations are given and references provided for the

more esoteric parts.



2. SOME TERMINOLOGY AND NOTATION

This thesis is largely concerned with the display of images on a raster dev-
ice. These devices are composed of a tightly packed two-dimensional array of
individual pizels, each possessing its own color. A pixel is comprised of three
’ phosphors that are excited by the raster devices’ electron guns, and a triple of
integers associated with each pixel determines the intensity of that excitation.
Each component of the triple is an integer ranging from O to N, where N is a
function of the particular frame buffer. At Berkeley, an Adage/lkonas RD3000

frame buffer is used with N = 255.

The frame buffer's pixels will be treated as a two-dimensional array,
pizel(ij). In accordance with normal array representation, the (0,0) pixel
corresponds to the upper left of th& display device. The set of pixels on a cer-

tain row is termed a scanline.

The two-dimensional pixel array has two operations defined on it:
pixel(i,j) :=C,
sets the pixel at row i, column j, to some color C. Chapter (6) discusses a pre-
filtering process to ensure that each component of C is between 0 and N.
Sirnilarly,
C := pixel(i,j)
determines the pixel value stored in the frame buffer, and places it in the vari-

able C, assumed to be of type "color".



The process that specifies the set of pixels most closely matching a shape is
scan conversion. Frame buffers are often used to display geometric shapes,
often in polygonal form. The process by which a geometric description of a
polygon is rendered on a frame buffer is polygon scan conversion. When

polygons are rendered, their edges will often cover pixels only partially:
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figure 2.1 : a polygon”edge partially covers pizels

Jrom Newman and Sproull, pp. 403

If the polygon edge is not properly sampled, a defect termed aliasing is
introduced. Anti-aliasing removes spatial high frequency components that can-
not be properly rendered with the sampling process inherent in a display with

discrete pixels.

In some applications, the user operates directly on the frame buffer
representation of the image, as if "painting” on the image directly. Programs of

this type are termed paint programs.



3. INTRODUCTION TO COLOR SCIENCE

3.1. Introduction

There is one fundamental, simple question at the heart of any discussion of

color; the answer and its ramifications comprise this chapter.

" How can a color be quantitatively measured?”

This question is by no means as trivial as it seems, for color is not a tangi-
ble, objective, physical entity. Rather, it is a sensation received by the brain.
Indeed, it might seem that measuring color is essentially impossible; pain is a

sensation, yet it certainly can’'t be measured quantitatively!

A restatement of the issue, which also points to an answer, is provided by

Heaton:28

"The production of colour is dependent upon light - in the absence of light nothing can be
coloured. This sounds a platitude, but it is as well to bear definitely in mind that colour is

entirely an abstraction, having no tangible existence” (pp. 1)

The statement “in the absence of light nothing can be coloured” may seem
strange; does a red apple in the refrigerator suddenly lose its color when the
door is closed? While the apple is the same physical object, it is no longer
bathed by the communicating medium of light, and can comrﬁunicate no sensa-
tion of color to the observer. In order for color to be measured, both an

observer and a light must be present.

This intimate connection between color, lights, and observers will permeate
this thesis, and especially this chapter. To answer the original question, it
seemns reasonable, therefore, to attempt to measure color somehow by present-

ing colored lights to an observer.



3.2. Color matching

One way colors can be specified numerically is by color matching. When two
colored lights are shone upon a surface, a color is sensed. By varying the
strengths of the two lights, a variety of different colors are seen (sensed) by the
observer. This set of sensations, then, can be described numerically by a pair of
numbers, the relative settings on the two lights that recreated it. For example,
the color seen when both lights are at three-fourths strength would be described
as (1/2, 1/2), numerically.

This provides a mathematical description of equivalence of sensations: the
color seen when each light is at three-quarters strength provides the same sen-
sation as that of the original colored light being matched. Similarly, the color
seen when each light is at one-quarter strength would differ only in luminance,

and would be considered equivalent in "colorfulness’ or chromaticity.

The two colored lights span, algebraically, a line segment of sensed colors.
By adding one more light, a triangle of colors can be obtained. In general, when
n are available, a convex n-gon of colors is obtained. This is one of Grassman's

Laws of color mixture, discussed in section (3.4).

3.2.1. Negative light

It is well known, for example, that red light shone with blue light produces a
magenta (purplish) light. If thé primaries of the light mixture system were red

and blue, then, magenta would have coordinates of (1/2,1/2).

But what if red ond magenta are the two primaries? How is blue described?
This is done by the obvious but non-intuitive use of negative color coordinates.
Blue has color coordinates of (-1/2,1/2) with red-magenta primaries. This does
not, of course, mean that -1/2 unit of red light is shone on top of magenta light

in order to recreate blue light. Rather it means that -(-1/2) = 1/2 unit of red



light, when shone with the blue light, produces the magenta light.

Equality of color will be used in the mathematical sense hereout, based on
an equivalence of sensafion, not of any objective quality. Two surfaces may
differ in every physical property, and yet still produce the same color sensation;

this is the phenomenon termed metamerism.

3.3. The dimensionality

A tentative step has just been taken into the numerical description of color.
If a color can be described by some set of numbers, the next question regards
the dimensionality of that set: "Assuming color can be measured numerically,

how many dimensions does it span?"

To answer this question, it is nécessary to understand something about the

workings of the human eye.

3.3.1. Human vision

The human visual system contains three color systems. Each system
possesses an absorption spectrum, describing the sensitivity of that system to

light of each wavelength.



100}

figure 3.1: absorption of the three human color systems
m Foley and Van Dam? pp. 605 -
Yy rp

Each color is sensed by the brain (before any processing) via the transmis-
sion of three pieces of information, the amount of stimulation undergone by
each color system. The amount of stimulation is a function of two parameters;
the spectral composition of the light, and the intensity.15 For example, the Blue
curve above has an absorption percentage of 147 for 520 nm, and 6% for 800 nm.
The Blue system transmits the same information upon sensing 1 unit of 520 nm

light as it does when sensing (14/8) units of 800 nm light.

The three systems immediately imply the three-dimensionality of color.
This fact will be used often in the thesis; colors being represented in any number
of three-dimensional terms (points in 3-space, vectors in 3-space, points in 2-
space with a weight, elements of a 3-dimensional abelian group, etc.).

At this point, it might appear that the problem of color reproduction can be

very easily solved. If the brain receives three pieces of information (one from

each system), one need only find three lights, each of which excite exactly one



system. Then any color could be easily matched by adjusting the three primary
lights to match each of the three levels desired, recreating the sensation of the

desired color.

This cannot be done, as demonstrated by the previous picture. There is no

wavelength which excites only the green system.

If the responses of the three system at each wavelength are summed, a map

of the energy response of the eye to light at each wavelength is developed.

figure 3.2: the curves of figure 3.1, summed

from Foley and Van Dam.= 7pp. 806

The greater the height of the curve, the more receptive the eye to light of that
wavelength. Therefore, this curve provides a graph of the perceived luminance,
or brightness, of each wavelength, a useful curve which will be re-introduced in

section (3.10).
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38.4. Grassman's Laws

By performing a number of experiments with mixtures of three lights, the
first principles of colored light were summarized by Grassman in 1853, and are
called Grassman’s Laws. The notation 4 «— B means "colored light(s) A produce
the same sensation as colored light(s) B". The notation A + B means "colored

light A shone upon colored light B".

1) Any colored light A can be expressed as a unique combination of any three
other lights:

YA, B,C,D 3!'b,c.d| A§b3+cC+dD (3.1)

2) A match remains a match, when all lights involved are increased in bright-
ness by the same factor:

(A—B) &(kA—kB) . Vik=0 (3.2)

3) If alight 4 is matched by some other combination of colored lights, that

combination can be used in place of 4 in all cases, with identical effect.

This law forms the basis for modern color reproduction.
Grassman stated one assumption, as well:

1) The luminance produced by the additive mixture of a number of lights is
the sum of the luminances provided separately by each of the lights. This

assumption forms the basis of modern photometry.

These laws can be shown to mathematically categorize color as a three-
dimensional vector space: three-dimensional due to the nature of the human

eye, a vector space due to Grassman's second and third laws.

Any color space whose primaries comprise three basis vectors in this

three-dimensional space are termed additive color spaces.

From the three laws, Grassman proved that the color formed by the mix-

ture of colored lights is the weighted average of the colors of the constituent
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lights. The weights correspond to the relative proportions of the light in the

mixture.

It has been shown that under certain unusual conditions Grassman's Laws
may not hold, but they hold over a sufficiently large range of conditions with

sufficiently large precision that their validity is generally accepted. !

3.5. Chromaticity

The color triangle described in section (3.2) is, obviously, two-dimensional.
As demonstrated in the previous section, color (to humans) is a three-
dimensional sensation. Therefore, it follows that one dimension is being left out.
This dimension is the dimension of brightness or luminance, since only the rela-

tive, and not the absolute amounts of the primaries are specified in the triangle.
Since these triangles describe the colorfulness or chromaticity of the

colored light, they are called chromaticity diagrams, and the coordinates of a

color in such a map its chromaticity coordinates.

3.5.1. The CIE chromaticity diagram

By using exactly the procedure described in section (3.2), colorists derived
the famous chromaticity diagram of color visible to the human eye seen below.
This diagram is termed the CJ/E chromaticity diagram for the C/E ("Commision

Internationale de 1'Eclairage") international society of colorists.

¥ the effect of the surrounding background colors on the color perceived for the foreground
oolor is also ignored
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figure 3.3: the CIE chromaticity diagram

£

from Wright,”” pp. 85

The set of colors found on the boundary is termed the spectral locus, con-

sisting of all colors that contain only a single spectral wavelength.

This figure is perhaps the most important in the thesis. It maps any color
perceivable by the human eye (projected onto the luminance plane) into a two-
dimensional point. There is one feature of great importance in this figure: it

cannot be inscribed by a triangle of visible colors.

While the set of visible colors can be inscribed in a triangle, this triangle
cannot contain, as vertices, colors that are themselves realizable. There will
, always be colors which are not obtainable as a mixture of any given three pri-

maries. Similarly, a triangle can be inscribed in the chromaticity diagram, but
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this triangle will not contain all the realizable colors.

8.6. rgb space

This leads naturally to the next question: "if all of color space can't be
spanned by any three primaries, which choice of primaries would mazimize the
percentage of color space spanned?’. In fact, those three primaries are exactly

red, green, and blue!

The intuitive importance of these three colors is thus confirmed mathemat-
ically. The precise placement of red, green, and blue actually varies slightly
from this theoretical solution, for technical reasons dealing with the luminance
of available lights and the sensitivity of the eye to different areas of the spec-

trum. The exact wavelengths chosen are shown below:

Wavelengths of C.1.E. spectral red, green, and blue ( nm )
m

red 700.0
green 548.1
blue 435.8

{heot

.II.-1=!!.
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Jfigure 3.4: the theoretical and actual placement of

C/IE red, green, and blue

The triangle of colors spanned by C.LE. red (r), green (g). and blue (b) is
termed rgd space. The rgd coordinates describe the relative intensities of the

three lights.

In RGB space, the absolute values are specified. As the absolute values
" represent the "absolute stimulus”, and there are three of them, the absolute

values are termed the tristimwlus coordinates of a color.

The RGB value of a color, then, represents the absolute stimulus amounts of
Red, Green, and Blue light needed 1o match the sensation of some given color.
Red, Green, and Blue are defined as monochromatic light of 700, 546.1, and 435.8
nanometers, respectively. Since often only the relative amounts of the light are
desired, the luminance can be factored out, resulting in rgb space:

r=R/(R+G+B), (3.4)
g=G/(R+G+B),
b=B/(R+G+5B) =1-—r-g

This convention is used for other color spaces as well; lower case refers to
chromaticity (relative) coordinates, while upper case refers to tristimulus (abso-

lute) coordinates.

By the previous figure, the set of colors spanned by rgb space is
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Jigure 3.5: CIE space and rgb space
Jrom Evans, pp. 238
point A can be matched by a combination of red, green, and biue
point B is visible to the eye, but cannot be matched by red, green, and blue

point C is not visible to the human eye.

8.7. Unwinding the spectral locus

The preceding figure defines the placement of every point in the spectral
locus. However, it does so geometrically, not algebraically; it is not easy to

determine the chromaticity coordinates of a color of wavelength A.

This can be done by "unwinding" the spectral locus. Given a triad of Red,
Green, and Blue lights of some fixed luminances, we can take every spectral
color of unit luminance and obtain a triple of numbers by the process of section
(3.2). By repeating this process across all wavelengths, three curves are
obtained; one for each of Red, Green, and Blue. These curves are termed the
color-matching curves for a given set of primaries, since they specify how much
of each colored primary is needed to match any given spectral color. In the

case of rgdb primaries, some of the curves dip below zero.
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figure 3.6: the rgb color-matching curves

from Hunt“."l pp. 77

3.8. Finding the RGB value of a color

The next question is one of physical measurement: given a colored surface

or light, how is its RGB value computed?

This could be done by the procedure mentioned in section (3.2): A triad of
colored lights could be obtained, manually adjusted until they recreated the
appearance of the desired color, and the readings of the dials then read. In

practice, this is time-consuming, inefficient, and inaccurate.

Usually, a specfrophotomete‘r is used to obtain a reflectance at all visible

wavelengths (see figure (3.7)).




















































































































































































































































































